General Scattering and Resonance – Getting Started

Goals and Introduction

In the previous in-gagement, you studied the eigenfunctions and wave functions of a quanta scattering from a step potential.  You learned how to use the free particle functions in each region where the potential is constant and how to match those functions smoothly across region boundaries.  You experimented with the free parameters of those smooth functions and saw standing wave and traveling wave solutions.  But imposing the boundary conditions eliminated all possible solutions that were traveling waves in both regions.  Like a classical wave (and unlike a classical particle) a quanta that undergoes an interaction (change in potential) has some probability of being reflected back the way it came – even if the potential energy is less than the total energy everywhere.

In this in-gagement you will extend the ideas you learned while studying the step function potential to potentials with multiple steps.  (See Figure 1)  Again, although such instant changes in potential never happen in reality they do approximate situations where the potential changes very fast – such as at the interface between two different materials.  For example, figure 1 could represent the potential that an electron experiences in a computer chip where thin layers of different materials are stacked in a sandwich type structure.  These multi-region step potentials can also approximate potentials that change more slowly if there are many very thin regions.
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Figure 1: A general multiple region potential.

Since the total energy in the energy diagram of figure 1 is everywhere greater that the potential energy, we expect a classical particle moving in a situation represented by the potential to simple move from left to right (or right to left) with a constant speed in each region but changing speeds at the boundaries between regions.  In the previous in-gagement you saw that quantum physics predicts that a quanta has a probability of being reflected at each region boundary.  This idea can be easily extended to predict what happens in the multi-region case.  Actually, most of the basic ideas for a step potential carry over unchanged to a multi-region potential.  But there are a few differences.

Mathematically, for a multi-region potential with n regions must to solve a set of boundary conditions with 2(n-1) equations and 2n unknowns.  However, as long as you use sine-cosine or exponential type wave functions, these equations are all linear in the unknowns so that the matrix techniques that you may have learned in a linear algebra course will make solving the problem easier.  (Math packages like Maple and Mathematica make it even easier!) 

Physically, a few new interesting phenomena arise in the multi-region potential case.  As a matter of fact, virtually all phenomena that arise in the general case of a quanta scattering from a general one dimensional potential can be discovered by studying multi-region piecewise constant potentials.  Because of this, a number of approximation techniques for finding wave functions for arbitrary potentials are based on approximating an arbitrary potential with a piecewise constant potential with lots of regions.

Probably the most important new phenomena that you will see in this section is an example of a resonance.  Although the exact definition of resonance is hard to formulate, the examples you will see here basically occur at "special" energies (or wavelengths or frequencies) where the wave function somehow "fits" with the potential energy function in some "special" way and causes a sudden unusual change in the wave function at that energy.  As I said - it is hard to define - but as you see examples, you will begin to learn to recognize resonances.

Mathematical Details

Recall that the free particle wave function can be written as:
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(Equation 1)

This is the form of the wave function that is used most often while studying scattering.  In this form, we usually think of the exp(ikx) term as representing a quanta traveling to the right and the exp(-ikx) term as representing a quanta traveling to the left.  To deal with a multi-region piecewise constant potential we just use this free particle wave function in each region (using subscripts to denote region number).  We think of the coefficient C in each region as the (complex) amplitude of the right-going wave in that region and the coefficient D as the (complex) amplitude of the left-going wave.

Exercise 1:  For the three-region potential shown in figure 2, write down the wave function (equation 1) in each region (with appropriate subscripts).
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Figure 2:  A general three region potential.
After writing down the wave function in each region, the next step to finding the wave function for the entire situation is to write down the boundary conditions for the boundaries between regions.  Each boundary has two conditions: the wave function must be continuous across the boundary and the first derivative (with respect to x) must be continuous across the boundary.

Exercise 2:  Write down the four boundary conditions for the situation shown in figure 2, using the wave functions of exercise 1.  Simplify them but don’t solve them (unless you really want to).
Notice that exercise 2 results in 4 linear algebraic equations with 6 unknowns (the C’s and D’s).  This means that there will still be 2 free parameters after solving the equations.  As in the step function case, one of these parameters can be taken to be an overall amplitude and the other determines the type of wave function we get.

Questions:
1) Think about the speed of a classical particle in the situation represented by figure 2 and sketch an approximate probability density function for such a particle.  What do you expect the quantum probability density function to look like?

2) You may have seen an energy diagram like figure 2 in optics while studying thin-film coatings on glass or other materials.  What are such thin-films used for?  Explain how they work in terms that freshman physics majors could understand.
3) There are two possible cases for a classical particle in the situation represented by figure 2: the particle going left and the particle going right.  Based on what you’ve learned so far, what combination of values for the two leftover free parameters of exercise 2 will represent these two cases in quantum physics?
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